In this paper, a unified solution for vibration analysis of the functionally graded carbon nanotube reinforced composite (FG-CNTRC) cylindrical panels with general elastic supports is carried out via using the Ritz method. The excellent accuracy and reliability of the present method are compared with the results of the classical boundary cases found in the literature. New results are given for vibration characteristics of FG-CNTRC cylindrical panels with various boundary conditions. The effects of the elastic restraint parameters, thickness, subtended angle and volume fraction of carbon nanotubes on the free vibration characteristic of the cylindrical panels are also reported.
Introduction
Cylindrical panels as the common structural components have been widely applied in various engineering constructions, such as aircraft, space vehicles and structures of military industries. Therefore, the knowledge of vibration characteristics of the cylindrical panels is of particular importance for the predesign of the engineering structures. In most of these investigations studying the vibration behavior of the cylindrical panels, the boundary conditions taken into account are generally the perfect classi-cal boundary cases, i.e. free, simply supported or clamped, however, in the real engineering application, the boundaries can be the general elastic supports and approximated by a combination of liner and rotational restraints. The objective of this paper is to present a first known free vibration solution for FG-CNT reinforced composite moderately thick cylindrical panels with general elastic supports.
Carbon nanotubes (CNTs) have extraordinary mechanical, electrical and thermal properties, and thus, they have attracted increasing attention in the past decades [1] . So far, a huge amount of research efforts on the vibrations of FG-CNT reinforced composite beams, plates and shells by using different methods and elastic theories have been made. Lin and Xiang [2] studied the linear free vibration of FG-CNT reinforced composite beams with classical boundary condition by using the p-Ritz method. The beam theory of this study was based on the first order and third order beam theories. Rafiee et al. [3] analyzed large amplitude free vibration of functionally graded carbon nanotube reinforced composite beams with surface-bonded piezoelectric layers based on the Euler-Bernoulli beam theory. Ke et al. [4] investigated the geometric nonlinear free vibration of FG-CNT beams based on the Timoshenko beam theory and von Kármán geometric nonlinearity. Later, Ke and his co-authors [5] considered the size effect and investigated the bending, buckling and vibration behavior of functionally graded micro plates. Shen [6] conducted the investigation on the nonlinear bending of simply supported FG-CNT reinforced composite plates by using a two-step perturbation technique. Zhu et al. [7] investigated the free vibration and static response of FG-CNT reinforced composite plates with classical boundary conditions by using the finite element method and first order shear deformation plate theory. Zhang et al. [8] [9] [10] used the element free methods to study the vibration characteristics of FG-CNT reinforced composite skew plates, triangular plates and cylindrical panels with classical boundary condition. In these researches, it is shown that, natural frequencies of plates and panels are affected by distribution pattern and volume fraction of CNTs. Malekzadeh and Zarei [11] ap-plied the differential quadrature method to examine the free vibration characteristics of laminated plates containing FG-CNT reinforced composite layers in an arbitrary straight-sided quadrilateral shape and arbitrary classical boundary conditions on the basis of the first order shear deformation plate theory. Later, Malekzadeh and Heydarpour [12] applied the mixed Navier-layerwise differential quadrature method to investigate the free vibration and static response of simply supported laminated plates with FG-CNTRC layers. Natarajan et al. [13] applied a higher order shear and normal deformable plate formulation to study the static and free vibrations of single layer FG-CNT reinforced composite plates and also sandwich plates with FG-CNT reinforced composite face sheets. Wang and Shen [14, 15] investigated the linear and nonlinear free vibrations of single layer FG-CNT reinforced composite plate and sandwich plates with stiff core and FG-CNT reinforced composite face sheets. In the researches, the interaction of the plate with two parameter elastic foundation is also taken into account. Shen [16] presented an investigation on the nonlinear dynamic response of FG-CNT reinforced composite resting on elastic foundations in thermal environments according to the von-Karman formulation and higher-order shear deformation theory. In this research, the solution method is the two-step perturbation technique and the boundary condition considered of the plate is all edges simply supported. Lei et al. [17] investigated the elastodynamics response of FG-CNT reinforced composite plates subjected to sudden lateral pressure by using element-free kp-Ritz method. Based on Reddy's thirdorder shear deformation theory, Zhang et al. [18] proposed a state space approach to study the free vibration characteristics of rectangular Levy plates with various classical boundary conditions. Zhang et al. [19] and Lei et al. [20] respectively studied the free vibration characteristics of FG-CNT reinforced composite plates with elastically restrained edges and laminated plates with FG-CNT reinforced composite layers. Liew and his co-authors [21] [22] [23] [24] [25] [26] [27] employed the element-free kp-Ritz method to study the vibration characteristic of the FG-CNT reinforced composite plates, i.e. buckling of skew FG-CNT reinforced composite plates, post-buckling of FG-CNT reinforced composite plates subjected to in-plane compressive loads, linear stress analysis of FG-CNT reinforced composite plates and so on. Mirzaei and Kiani [28] applied the Ritz method with Chebyshev polynomials to study the free vibration of FG-CNT reinforced composite reinforced composite cylindrical panels. In this research, the boundary condition was restricted to the classical boundary cases, i.e. CCCC, SCSF and so on. In addition to the above paper, a lot of critical research about the FG-CNTRC shells in recently has been published [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] .
The above review indicates that there exists some literature on the vibration analysis of FG-CNT reinforced composite beams, plates and shells, and those numerical results are very useful for the practical engineering applications. However, from the literature review, we also know that the existing numerical solutions which are used to solve for the titled problem are very scarce. The only one study found in the published literature is about the vibration of moderately thick FG-CNT reinforced composite cylindrical panels with classical boundary conditions. Moreover, in practical engineering applications, the boundary condition of the FG-CNT reinforced composite cylindrical panels may not always be classical case in reality, and a variety of possible boundary conditions including classical boundary conditions, elastic boundary restraints and the combinations of two or more conditions may be encountered. As far as the authors know, there is no work reported on the free vibration behavior of FG-CNT reinforced composite cylindrical panels with general elastic supports based on first-order shear deformation theory. Thus, the establishment of a unified, efficient and accurate formulation for free vibration of FG-CNT reinforced composite cylindrical panels with general elastic supports is of crucial importance.
This paper attempts to provide a set of vibration frequencies for FG-CNT reinforced composite cylindrical panels of moderate thickness having general elastic supports. A enhanced Ritz method is presented based on the Ritzvariational energy method in conjunction with the modified Fourier series method. Compared with other methods, the proposed method can eliminate the limitations of the boundary conditions of the traditional Ritz method and be extended to the general boundary conditions. The first-order shear deformation theory (FSDT), accounting for transverse shear strains and rotary inertia, is used in the theoretical formulation. Based on the existing published literature, the present work can enrich the study for the practical engineering applications such as: (a) present a unified solution for vibration analysis of the moderately thick functionally graded carbon nanotube reinforced composite cylindrical panels with general elastic supports and (b) provide some useful numerical results for free vibration of thick open cylindrical shells with elastic boundary conditions and research conclusions for the influence of elastic restrain parameters, thickness, subtended angle and volume fraction of carbon nanotubes. 
Theoretical formulations

Description of the model
The basic configuration of the problem considered here is a FG-CNT reinforced composite cylindrical panel as shown in Figure 1 . A cylindrical coordinate system (x, θ, z) is also shown in the Figure 1 (a), which will be used in the analysis. u, v and w denote the displacement components in x, θ and z directions. Length of the straight edge, radial, subtended angle and thickness of the FG-CNT reinforced composite cylindrical panel are assumed as L, R, ϕ, and h, respectively. As shown in Figure 1 (b), three groups of liner restraint springs and two groups of rotation restraint springs are arranged at all sides of the cylindrical panels to separately simulate the general boundary condition. For example, the clamped boundary condition can be readily obtained by setting the spring coefficients to infinity (a very large number in practical calculation) for all restraint springs along each edge.
Polymeric matrix of the composite cylindrical panel is reinforced with single walled carbon nanotubes (SWCNTs) [28] . In this research, five types of aligned CNT reinforced cylindrical panels are considered: namely the uniformly distributed CNT cylindrical panel(UD-CNT), functionally graded CNT cylindrical panel type V(FGV-CNT) whose CNT features are concentrated at top region, functionally graded CNT cylindrical panel type Λ(FGΛ-CNT) whose CNT features are concentrated at bottom region, functionally graded CNT cylindrical panel type X(FGX-CNT) whose CNT features are concentrated at both top and bottom regions, and functionally graded CNT cylindrical panel type O(FGO-CNT) whose CNT features are concentrated at center regions, as shown in Figure 2 . The reinforced CNT alignments are along the length direction, which is the x axis. For the above five CNT reinforced cylindrical panels, it is assumed that they will have the same geometries and contain the same value of total weight of CNTs m tcnt , and with total CNTs volume fraction V tcnt . For the latter four FG-CNT cylindrical panels, the CNT distributions along the thickness of the cylindrical panel follow the power laws, as shown in Figure 3 .
Therefore the distribution of CNTs of FGΛ-CNT as a function of z coordinate is given by: [6] 
And the volume fraction of CNTs can be derived as
However from the practical perspective, only the linear distribution is considered in the current study, i.e. k = 1
According to the same principle, the volume fraction of CNTs of the FGV-CNT, FGX-CNT, FGO-CNT and UD-CNT can be indicated as:
The effective Young's modulus and shear modulus of the CNT composite cylindrical panel are determined based on matching the results from the molecular dynamics simulation with the extended rule of mixture. The expressions are as follows [6] : 
Total energy functional
According to the FSDT assumptions, the displacement components of an arbitrary point in the FG-CNT reinforced composite cylindrical panel are expressed in terms of the displacements and rotations of the reference surface, as given below [28] :
where u 0 , v 0 and w 0 denote the displacements of the corresponding point on the reference surface in the x, θ and z directions, respectively. ψx and ψ θ are the rotations of the normal to the reference surface about the θ and x direction, respectively, and t is the time. The strains in the middle surface and curvature changes during deformation for a FG-CNT reinforced composite cylindrical panel having constant radius R are defined as
where the ε 
According to general Hooke's law, the corresponding stresses are obtained as:
where Q ij (i, j=1, 2, 4, 5, 6) are the reduced material stiffness coefficients compatible with the plane-stress conditions and are obtained as follows
By carrying the integration of stresses over the crosssection and integrating the moments of the in-plane stresses over the thickness, the force and moment resultants to strains and curvatures of the reference surface are given in the matrix form:
where Nx, N θ and N theta are the in-plane force resultants, Mx, M θ and M xθ are moment resultants, Qx, Q θ are transverse shear force resultants. κ is the shear correction factor, which is usually selected as κ = 5/6. A ij , B ij and D ij (i,j = 1,2 and 6) are the extensional, extensional-bending coupling, bending stiffness, and they are respectively expressed as
The strain energy (U S ) of the moderately thick FG-CNT reinforced composite cylindrical panel during vibration can be defined as:
Substituting Eqs. (7), (8) and (11) into Eq. (9), the strain energy expression of the structure can be written in terms of middle surface displacements and rotations. 
The corresponding kinetic energy (T) function of the moderately thick FG-CNT reinforced composite cylindrical panel can be given as:
where
The potential energy Usp stored in the boundary springs is given as:
Therefore, the total energy functional for the FG-CNT reinforced composite cylindrical panel can be expressed as:
The Ritz method
Because of its simplicity and high accuracy, the Ritz method is widely used in the vibration analysis of struc-tural elements as a very powerful tool. In the Ritz method, the solutions can be obtained by minimizing the energy functional with respect to the coefficients of the admissible functions. So how to choose the proper admissible functions is the core of study, for it plays the biggest factor in determining the accuracy and stability of the Ritz method. When it comes to the admissible functions, there are two conditions that should be satisfied in Ritz method.
Firstly, the admissible functions should be continuous, linearly independent, complete and differentiable to the degree. Secondly, they should satisfy at least the geometrical boundary conditions [39] . Since the geometrical boundary conditions can be easily satisfied by setting the proper springs' stiffness in this work, any linearly independent and complete basis functions may be employed. In this paper, a modified Fourier series is introduced to express the displacement and rotation components of the composite beams. The modified Fourier series consists of a standard Fourier cosine series and several auxiliary functions. Here, the introduction of the auxiliary functions is to remove the discontinuities potentially exhibited by the original displacement functions and their derivatives. And it also can accelerate the convergence of the representations at the same time. The detailed expressions of the displacement and rotation components are given as: 
It is easy to verify that
The above equation (19) has constructed the admissible functions of the panels, the following task is to determine the coefficients of the admissible functions. Substituting Eq. (19) into Eq. (18) and performing the Ritz procedure with respect to each unknown coefficient:
the equations of motion for FG-CNT reinforced composite cylindrical panel can be yielded and are given in the matrix form:
where K, M and H respectively represent the stiffness matrix, mass matrix and vector of the unknown coefficients for the panel and shell. The detail expressions for above matrices are given in Appendix. By solving the Eq. (23), the frequencies (or eigenvalues) of moderately thick FG-CNT reinforced composite cylindrical panel can be readily obtained and the mode shapes can be yielded by substituting the corresponding eigenvectors into series representations of displacement components.
Numerical results and discussion
The aim of this paper is to present a unified solution for vibration analysis of the moderately thick functionally graded carbon nanotube reinforced composite cylindrical panels with general elastic supports. In this section, some results and discussions about the free vibration of moderately thick functionally graded carbon nanotube reinforced composite cylindrical panels are presented to verify the accuracy and flexibility of the proposed method. Firstly, the convergence, accuracy and reliability of the present method are presented by comparing with other contributions. Secondly, the vibration results of the moderately thick functionally graded carbon nanotube reinforced composite cylindrical panels with various boundary conditions including the classical, elastic and their combinations are presented. Then, the influence of elastic restrain parameters, thickness, subtended angle and volume fraction of carbon nanotubes on the free vibration characteristic of the cylindrical panels is also reported. In addition, in order to simplify this study, a symbolism is employed to represent the boundary condition of cylindrical panels, e.g. FCSE denotes the panels with F (Free), C (Clamped), S (simply-support) and E (Elastic restrain) boundary conditions at x = 0, θ = 0, x = L and θ = ϕ. Ta- 
Convergence study and formulation validation
From the theoretical formulations, we can know that the computational accuracy relies on a limited number of terms in the displacement expressions in actual calculation. Thus, one important issue is the choice of the appropriate truncation terms. Figure 4 shows the convergence studies of the first six frequency parameters for a clamped FG-CNT reinforced composite panel with different distribution types and truncated numbers M, N. The geometrical dimensions of the panels are used: R = 1m, L = 2m, h = 0.1m, ϕ = 120 ∘ . From the figure, we can know that the proposed method has fast convergence and good stability. In view of the excellent numerical behavior of the current 
solution, the truncation numbers will be simply set as M = N = 15 in the following calculations. The corresponding studies are performed by comparing the present results with the existing published results to validate the present method used in this study. The validation results for the different boundary conditions are shown in Tables 2-5 . The geometrical parameters for the panels are given as follows: L = 1, R = 1, h = 0.05, ϕ = 1. In order to check the present method, the numerical results reported by Mirzaei and Kiani [28] using the Ritz method on the basis of FSDT are also given in the above tables for comparison. From the comparisons, we can see a consistent agreement of the results taken from the current method and referential data. Besides, Tables 2-5 also show that it is appropriate to define the classical boundary conditions in terms of the boundary spring rigidities as shown in Table 1.
Based on the validation studies, some new results for the FG-CNT reinforced composite panel with classicalelastic and elastic restraint boundary conditions are shown in Tables 6-8 . Also, for any given modal frequency, the corresponding mode shape can be easily determined by submitting the solved eigenvector into Eq. (19) . Thus, some selected mode shapes are performed in the Figures 5-7. 
Parameter studies
Although the above results of the FG-CNT reinforced composite cylindrical panel with classical-elastic and elastic restraint boundary conditions can be served as benchmark data for the future numerical methods, it does not meet authors' ambition. The goal of this paper is to present a unified solution of the free vibration for the FG-CNT reinforced composite cylindrical panels to provide some useful research works for the designer or engineer to avoid the unpleasant, inefficient and structurally damaging resonant. So, in the this subsection, the parameter studies including the elastic restraint parameters, thickness, sub- 
tended angle and volume fraction of carbon nanotubes are presented. Figure 8 shows the effects of all kinds of boundary restraint parameters on the frequecny paramerters of FG-CNT reinforced composite cylindrical panels with elastic boundary conditions. The geometry properties of the panels studied are the same as those in Figure 4 . The panles are free at edges θ = constant, clamped at x = 0 whilst at x = L they are elastically restrained by all the five groups of boundary springs, of which only one group is with the variable stiffness and the others are assumed to be zeros. From Figure 8 , it is observed that the frequency parameters increase rapidly as the restraint parameters increase in the certain range. And beyond this range, there is little variations in the frequencies. In addition, we can know that the FGX-CNT panels always have the higher frequency parameters and the FGO-CNT panels have the minimum frequency parameters. Figure 9 depictes the fundamental 
frequency parameters versus thickness h for the UD-CNT panel with different shear correction factors and boundary conditions (CCCC, SSSS,
. It is seen from the numerical results that, in all of the cases, increasing the thickness of CNT results in higher natural frequencies. In addition, the figures also show that the effect of the shear correction factor κ increases generally as the thickness h increases. Furthermore, a larger shear correction factor will result in higher frequency parameters. Next, Figure 10 presents the fundamental frequency parameters for the FG-CNT reinforced composite panel versus the subtended angle with the CCCC, SSSS, E figure, we can see that, regardless of the boundary condition and FG-CNT type, the frequency parameters rapidly decrease while the subtended angle is changed from 5 ∘ to 100 ∘ , and out of this range the frequency parameters slowly minish and lastly almost remain unchanged. Figure 11 shows the influence of the volume fraction of carbon nanotubes on the vibration behavior of the FG-CNT reinforced composite cylindrical panel with different boundary conditions and efficiency parameters. It is observed that the frequency parameters increase while increasing the volume fraction of carbon nanotubes regardless of the type of the boundary conditions and efficiency parameters.
Conclusions
In this paper, a unified solution is presented for the vibration analysis of the FG-CNT cylindrical panel with general elastic supports based on the first-order shear deformation theory. A enhanced Ritz method is presented based on the Ritz-variational energy method in conjunction with the modified Fourier series method. as the boundary conditions are presented, which may be used for benchmarking of researchers in the field. Also, the influence of elastic restraint parameters, thickness, subtended angle and volume fraction of carbon nanotubes on the free vibration characteristic of the cylindrical panels are also reported. The following conclusions can be drawn as:
1. The frequency parameters increase rapidly as the restraint parameters increase in the certain range. And beyond this range, there is little variations in the frequencies.item Regardless of the boundary condition, increasing the thickness of CNT results in higher natural frequencies. In addition, the effects of the shear correction factor κ increase generally as the thickness h increases. Furthermore, a larger shear correction factor will result in higher frequency parameters. 2. Regardless of the boundary condition and FG-CNT type, the frequency parameters of the FG-CNT cylindrical panel rapidly decrease while the subtended angle is changed from 5 ∘ to 100 ∘ , and out of this range the frequency parameters slowly minish and lastly almost remain unchanged. 3. The frequency parameters of the FG-CNT cylindrical panel increase while increasing the volume fraction of carbon nanotubes regardless of the type of the boundary conditions and efficiency parameters. In addition, the FGX-CNT panels always have the higher frequency parameters and the FGO-CNT panels have the minimum frequency parameters. 
